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INTEGRABLE DEFORMATIONS OF FOLIATIONS: A
GENERALIZATION OF ILYASHENKO’S RESULT
DOMINIQUE CERVEAU AND BRUNO SCA´RDUA
Abstract. We study analytic deformations of holomorphic differential 1-forms. The
initial 1-form is exact homogeneous and the deformation is by polynomial integrable
1-forms. We investigate under which conditions the elements of the deformation are
still exact or, more generally, exhibit a first integral. Our results are related to natural
extensions of classical results of Ilyashenko on limit cycles of perturbations of hamiltonian
systems in two complex variables.
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1. Introduction and main results
In the year of 1969 Ilyashenko published his PhD thesis about limit cycles of two-
dimensional analytic ordinary differential equations ([Ilyashenko 1969]). Working with
perturbations of a hamiltonian of a complex polynomial in the complex affine space C2.
Ilyashenko’s result can be summarized as follows:
let R(z, w) be a degree n + 1 complex polynomial and A(z, w), B(z, w) complex poly-
nomials of degree n, t a complex parameter and consider the following perturbation
(1)
dw
dz
= − Rz + tA
Rw + tB
of the hamiltonian equation
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(2)
dw
dz
= −Rz
Rw
Let Bn+1 denote the space of coefficients of polynomials of degree n+ 1 in C[x, y] and let
B′′n+1 ⊂ Bn+1 denote the space of those polynomials R for which equation (2) has exactly
n2 singular points. Finally, denote by B′n+1 ⊂ B′′n+1 the space of those polynomials
R ∈ B′n+1 for which the singular points of (2) lie on distinct level sets of R. Then B′n+1
is a Zariski (and therefore dense) open set in Bn+1.
Recall that a singularity of a real vector field in the real plane is a center if it admits a
neighborhood where all the non-singular orbits are closed. In the complex world according
to [Ilyashenko 1969] a singular point of the equation (2) is said to be a center if the
foliation of its neighborhood into solutions is topologically equivalent to the foliation of a
neighborhood of (0, 0) ∈ C2 by curves zw = const (or equivalently z2 + w2 = const). In
view of Mattei-Moussu theorem [Mattei-Moussu 1980] the topological equivalence above
can be assumed to be holomorphic.
If we denote by Ωn the space of 1-forms ω = Adz+Bdw where A,B ∈ Bn then according
to Ilyashenko ([Ilyashenko 1969] Corollary 1) we have:
Theorem 1.1. Let R ∈ B′n+1 and let P be a singular point of (2) for which A(P ) =
B(P ) = 0 (i.e., P is also a singular point of (1)). If P is also a center for (1) for all
t ≈ 0 then ω = Adz + Bdw ∈ Ωn is exact and in particular (1) admits a polynomial first
integral.
This important result is based on the following integration lemma (cf. [Ilyashenko 1969]
Theorem 1):
Theorem 1.2 (Ilyashenko’s integration lemma). Let R ∈ B′′n+1 and ω ∈ Ωn. Then
ω is exact ω = dS for some S ∈ Bn+1 if, and only if
∫
γ
ω = 0 for all closed curve
γ ⊂ {R = c},∀c ∈ C.
In short, ω ∈ Ωn is exact provided that its restrictions to the fibers of R ∈ B′′n+1 are
exact.
This paper can be seen as a natural extension of these results to higher dimension, for
the case of codimension one foliations. Indeed, let us rewrite (2) as Rzdz + Rwdw = 0
and (1) as (Rz + tA)dz + (Rw + tB)dw = 0. Then we put ωt := dR+ t(Adz +Bdw) and
ω0 = dR, so that ωt is an analytic deformation of ω0 = dR. Also we have equation (1) is
equivalent to ω0 = 0 and equation (2) is equivalent to ωt = 0.
The deformation writes ωt = ω0 + tω1 where ω1 := Adz + Bdw. This is a degree one
(in the parameter t) deformation of ω0 = dR by 1-forms of degree n. Using this point of
view and notation we can state Ilyashenko’s result above as follows:
Theorem 1.3 (Ilyashenko). Let ωt = dR + tω1 be a degree one analytic deformation of
the 1-form ω0 = dR where R ∈ B′′n+1 and each ωt is polynomial of degree n. Then the
following conditions are equivalent:
(i) ωt is also of hamiltonian type, i.e., ωt = dRt for some Rt ∈ B′′n+1,∀t ≈ 0.
(ii) Given a singularity P ∈ C2 of ω0 = dR there exists an analytic curve Pt : C, 0→ C2, 0
such that P0 = P and Pt is a center type singularity of ωt (the only one near P ).
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(iii) There is a singularity P ∈ C2 of ωo = dR and there is an analytic curve Pt : C, 0→
C
2, 0 such that P0 = P and Pt is a center type singularity of ωt.
In this paper we investigate then analytic deformations of foliations admitting a first
integral of polynomial homogeneous type. The deformations are required to be given
by integrable 1-forms following the integrability condition, since we work in dimension
n ≥ 2. The main object of our study is then an analytic family of holomorphic 1-forms
{ωt}t∈C,0 where each ωt is a holomorphic 1-form (mostly polynomial) on a neighborhood
U of the origin 0 ∈ Cn, n ≥ 3. We assume that each ωt is integrable, i.e., ωt ∧ dωt = 0
so that ωt defines a codimension one holomorphic foliation off its singular set singωt =
{p ∈ U, ωt(p) = 0}. We write ωt = ω0 +
∞∑
j=1
tjωj where ω0 is an integrable 1-form. The
deformation is called degree one deformation when ωt = ω0 + tω1. We shall consider the
case where ω0 admits a first integral ω0 = df , which is assumed to be polynomial or
holomorphic in a neighborhood of the origin. Another possibility is to investigate the case
where ω0 is logarithmic ω0 = (f1 . . . fr+1)
r+1∑
j=1
λjdfj/fj where the fj are like f above and
λj ∈ C. This case will be considered in a forthcoming work.
1.1. Singular Frobenius, cycles and persistence of first integrals. According to
a well-known theorem of Malgrange ([Malgrange 1976]) a germ of holomorphic 1-form ω
satisfying the integrability condition ω∧dω = 0 admits a germ of holomorphic first integral,
at a singular point where the singular set has codimension ≥ 3. Since this condition in the
singular set is stable under small deformations, we conclude that any small deformation of
such object admits a holomorphic first integral. Our Theorem A below gives an extension
of this last conclusion for the case where the singular set has codimension ≥ 2, but with
normal crossings condition. Let us be more precise. The center persistence condition in
Ilyashenko’s results is equivalent in our framework to the vanishing of some line integrals
associated to the deformation. Such conditions are automatically satisfied under some
non-degeneracy and irreducibility hypotheses on the first integral of ω0. Our conditions
look like the vanishing of the Melnikov functions of the deformation ([Movasati 2004] page
11) and they are intrinsic.
Let us state our main results. Our first result is strongly related to Ilyashenko’s theorem
(Theorem 1.1).
Theorem A. Let f = f1 . . . fr+1 be a product of irreducible homogeneous polynomials
fj ∈ C[x1, ..., xn] with < fi, fj >= 1 for i 6= j. Assume that the corresponding germ
induced by f at the origin, has only normal crossings singularities except for a codimension
≥ 3 analytic subset. Let ωt = df +
∞∑
j=1
tjωj be an analytic deformation of ω0 = df such
that:
(i) Each ωt is a polynomial integrable 1-form.
(ii) We have degωt ≤ degω0,∀t.
Then the following conditions are equivalent:
(a) ωt is exact for each t ≈ 0.
(b) There is a map Ft : t 7→ C[x1, ..., xn] such that Ft(x1, .., xn) is a degree deg(Ft) ≤
degω0 + 1 polynomial satisfying dFt = ωt for each t ≈ 0.
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(c) We have
∮
γ
c(j)
ωt = 0 for a set of generators {γ(j)c , j = 1, ..., r} of the 1-homology of
the leaf Lc : (f = c),∀c 6= 0.
(d) We have
∮
γ
c(j)
ωt/f = 0 for a set of generators {γ(j)c , j = 1, ..., r} of the 1-homology
of the leaf Lc : (f = c),∀c 6= 0.
Remark 1.1. First we remark that in the course of the proof of Theorem A it will be
recursively established that the 1-forms ωt are closed in the fibers of f . Indeed, it will be
first observed that, by the integrability condition, ω1 is closed in the fibers of f . Then,
the condition
∮
γ
c(j)
ωt/f = 0 will be used to prove that ω2 is closed in the fibers of f and
so on. Therefore, there is no ambiguity in the above integrals
∮
γ
c(j)
ωt and
∮
γ
c(j)
ωt/f .
Let f = f1 . . . fr+1 ∈ C[x1, ..., xn], n ≥ 2 be as in Theorem A. We shall see (cf.
Lemma 3.1) that there are generators {θ1, ..., θr} of the 1-homology of the non-singular
fibers Lc : (f = c), c 6= 0 which are of the form θj =
r+1∑
k=1
λ
(j)
k dfk/fk for a suitable choice of
the coefficients λ
(j)
k ∈ C.
The integral condition cannot be dropped in Theorem A (cf. Example 5.1). Some
additional remarks about Theorem A are:
(1) If ωt is homogeneous for all t then the first integral is homogeneous as well.
(2) We actually prove that each ωt is exact which is a sort of generalization of Ilyashenko’s
integration lemma (Theorem 1.2).
(3) If f = f1 is irreducible, reduced and has only normal crossings singularities off a
codimension ≥ 3 analytic subset, then the non-singular fibers Lc : (f = c), c 6=
0, c ≈ 0 are simply-connected (cf. Leˆ-Saito’s theorem in [Leˆ-Saito 1984] or else
Theorem 3.1). Therefore the integral condition
∮
γc
ωt = 0 is automatically verified.
More precisely we have:
Corollary 1.1. Let P ∈ C[x1, ..., xn] be a homogeneous polynomial, n ≥ 3. Assume that
P is irreducible and XP : (P = 0) ⊂ Cn has only normal crossings type singularities
outside of a codimension ≥ 3 subset in a neighborhood of the origin of Cn. Then any
analytic deformation ωt of ω0 = dP by polynomial integrable 1-forms, of degree deg(ωt) ≤
deg(dP ), also exhibits polynomial first integrals for t close to 0. Indeed, there is an analytic
family of polynomials Pt ∈ C[x1, ..., xn] of degree deg(Pt) ≤ deg(P ) such that P0 = P and
ωt = dPt,∀t ≈ 0.
The condition deg(ωt) ≤ deg(ω0) cannot be dropped. Indeed, consider ωt = dy + tydx
on C2. Then ω0 = dy but ωt is not closed for t 6= 0. The point is that the degree
of ωt is 1 for each t 6= 0, while ω0 has degree 0. Moreover, the family of examples
ωt = d(xyz) + t(xyz)(adx/x + bdy/y + cdz/z), a, b, c ∈ C shows that the irreducibility
hypothesis on P = Pν+1 cannot be dropped.
Another interesting application of our techniques is the following result. It has al-
ready been proved in [Cerveau-Mattei 1982] with more geometrical arguments, based
on Deligne’s theorem ([Deligne 1979]), holonomy arguments ([Mattei-Moussu 1980]) and
some desingularization techniques ([Camacho-Lins Neto-Sad 1984]). Here we present a
proof using our techniques of deformation.
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Theorem B. Let Ω be a germ of integrable holomorphic 1-form at the origin 0 ∈ Cn, n ≥
3. Assume that the first jet of Ω is of the form Ων = dPν+1 for some irreducible ho-
mogeneous polynomial Pν+1 ∈ C[x1, ..., xn]ν+1 having only normal crossings singularities
outside of a codimension ≥ 3 subset. Then Ω also admits a holomorphic first integral in
a neighborhood of the origin.
Notice that Theorem B really requires P = Pν+1 to be irreducible as shown by the family
of examples ωt = d(xyz) + t(xyz)
n(adx/x+ bdy/y+ cdz/z), a, b, c ∈ C, n ∈ N. Indeed, for
a generic choice of the coefficients a, b, c there are no holomorphic first integrals.
Before stating our next result we recall a classical result due to G. Reeb [Reeb 1952]
(see also [Camacho-Lins Neto 1985] page 85):
Theorem 1.4 (Reeb,[Reeb 1952]). Let ω be an analytic integrable 1-form defined in a
neighborhood of the origin 0 ∈ Rn, n ≥ 3. Suppose that ω(0) = 0 and ω has a non-
degenerate linear part ω1 = df , i.e., f is a quadratic form of maximal rank (not necessarily
of center type). Then there exist an analytic diffeomorphism h : (Rn, 0)→ (Rn, 0) and an
analytic function g : (Rn, 0)→ (R, 0) with h∗(ω) = gdf .
We stress that the singularity is not necessarily of center type.
The above theorem has some version for ω of class C2 but demanding that the singularity
is of center type.
In our case we shall consider some versions of Reeb’s theorem above. We shall work with
holomorphic integrable 1-forms of type Ω = dP +Ω′ where P is a homogeneous irreducible
polynomial, and Ω′ is a 1-form of higher order terms than dP . Under some hypotheses
on P we shall conclude that also Ω admits a first integral which is a perturbation of P .
This includes for instance the case P =
n∑
j=1
xdj , n ≥ 3, d ≥ 2 a so called Pham polynomial.
Given a polynomial P ∈ R[x1, ..., xn] we denote by PC ∈ C[z1, ..., zn] its complexification
where zj = xj +
√−1yj . As for the real analytic case we can state:
Corollary 1.2. Let ω be an analytic integrable 1-form defined in a neighborhood of the
origin 0 ∈ Rn, n ≥ 3. Suppose that ω(0) = 0 and ω has a first jet of the form ων = dPν+1
where Pν+1 is a homogeneous polynomial of degree ν + 1 ≥ 2. Assume that:
(1) PCν+1 = 0 has only normal type singularities except for a codimension ≥ 3 subset;
(2) PCν+1 is irreducible in C[x1, ..., xn].
Then ω also admits an analytic first integral f : (Rn, 0) → (R, 0) which is a perturbation
of Pν+1.
The proof of this corollary goes as one imagines: complexification of ω, Theorem B and
then back to the real framework.
The above corollary then gives a new (?) proof of Reebs’s linearization theorem men-
tioned above.
Homogeneous deformations (cf. [Cerveau-Mattei 1982]). Let us now give a word about
the case of deformations by homogeneous integrable 1-forms of a 1-form ω0 = df where
f is a homogeneous polynomial. In this case, using the description of non-dicritical ho-
mogeneous integrable 1-forms given in [Cerveau-Mattei 1982] part 4, Chap. I pp 86-95
we can rapidly describe such deformations. For instance, if it is required that the set
6 DOMINIQUE CERVEAU AND BRUNO SCA´RDUA
of separatrices (f = 0) is left invariant during the deformation then such deformations
are then proved to be of logarithmic type. It is important to notice that by the use
of [Cerveau-Mattei 1982], no additional hypotheses are made on the singular locus of df .
The main point is the fact that given a homogeneous integrable 1-form ω then either
ω(R) = 0, where R is the radial vector field, or ω/ω(R) is a closed homogeneous 1-form of
degree −1. Then the description of closed meromorphic 1-forms (cf. prop. 2.2 page 39 in
[Cerveau-Mattei 1982]) finishes the job. We may then derive from [Cerveau-Mattei 1982]
the following conclusion:
Theorem 1.5 (cf. [Cerveau-Mattei 1982] Chap. 4.I). Let f = f1 . . . fr+1 be a reduced
product of irreducible homogeneous polynomials in Cn, n ≥ 2. Let ωt = df +
∞∑
j=1
tjωj
be an analytic deformation of df by homogeneous integrable 1-forms of same degree than
ω0 = df . Assume also that (f = 0) is invariant for each ωt. Then ωt is of logarithmic
type in the following sense:
ωt/f = df/f + t
r+1∑
k=1
λk(t)dfk/fk
for some λk ∈ O1.
There is indeed a more general statement where we do not require (f = 0) to be
invariant. Let us start with a simple remark. Write ωt = df+
∞∑
j=1
tjωj where f = f1 . . . fr+1.
Then ω(R) = df(R) +
∑
j≥1
tjωj(R) = (ν + 1)f + tψ(t) for some holomorphic function ψ(t).
Then for t 6= 0 the polynomial ωt(R) is reduced but may have less components than
ω0(R) = (ν + 1)f . This is the case for instance of the family of polynomials gt :=
x2 + y2 + tz2. For t 6= 0 we know that gt is irreducible. On the other hand g0 has two
irreducible components. Taking this into account we may then state:
Theorem 1.6 (cf. [Cerveau-Mattei 1982] Chap. 4.I). Let f = f1 . . . fr+1 be a product of
irreducible homogeneous polynomials in Cn, n ≥ 2. Let ωt = df +
∞∑
j=1
tjωj be an analytic
deformation of df by homogeneous integrable 1-forms of same degree than ω0 = df . There
is a holomorphic function ǫ(t), with ǫ(0) = 0 such that for g(t) = ωǫ(t)(R):
ωǫ(t) = gt
k∑
j=1
λj(t)dgj,t/gj,t
for some λj(t) ∈ O1 where gt = g1,t . . . gk,t.
1.2. Degree one polynomial deformations. Finally we give a first step in the study of
degree one deformations of ω0 = df in the general case. We assume that the deformation
is given by polynomial 1-forms under the hypothesis that the degree does not grow. No
integral (vanishing cycle type) condition is required.
We shall need a definition:
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Definition 1.1. A holomorphic function f : Cn, 0 → Cp, 0 f = (f1, ..., fp) satisfies the
factorization property if for every holomorphic function h : Cn, 0 → C, 0 such that dh ∧
df1 ∧ ... ∧ dfp = 0 there is a holomorphic function ϕ : Cp, 0→ C, 0 such that h = ϕ ◦ f .
We have the following condition assuring the factorization property due to Malgrange,
with the above notations:
Theorem 1.7 ([Malgrange 1977]). Assume that cod sing(df1 ∧ ... ∧ dfp) ≥ 2. Then f =
(f1, ..., fp) satisfies the factorization property.
The above result is not related to whether the map f has connected fibers. Indeed,
f1(z1, z2, ..., zn) = (z1, z1z2) has connected fibers but does not satisfy the factorization
property (take h = z2). Furthermore, the map f2(z1, z2, z3) = (z1, z1z2 + z
2
3) does not
have connected fibers. Nevertheless, since dz1 ∧ d(z1z2 + z23) = z1dz1 ∧ dz2 + 2z3dz1 ∧ dz3
the map f2 satisfies the conditions of Malgrange’s theorem above and therefore satisfies
the factorization property. In addition to the above examples we consider f3 = (z
2
1z
3
2 , z3).
This example does not satisfy Malgrange’s condition, it has a non-irreducible component,
but still verifies the factorization property as it is easily checked. The fibers of f3 are
connected. The difference with respect to f1 is the fact that f3 is an open map, while f1
is not. With this notions and remarks we state:
Theorem C. Let f = f1f2 be a product of two irreducible homogeneous polynomials
f1, f2 ∈ C[x1, ..., xn] with < f1, f2 >= 1. Assume that:
(1) The corresponding germ induced by f at the origin, has only normal crossings
singularities except for a codimension ≥ 3 analytic subset.
(2) The map (f1, f2) : C
n → C2 satisfies the factorization property.
Then any affine integrable deformation ωt = df + tω1 by polynomial 1-forms of degree
deg(ωt) ≤ deg(df) is of one of the following types:
(a) ωt = d(f + th), for some polynomial h of degree deg(h) ≤ deg(f).
(b) ωt = σ
∗(αt) where σ = (f1, f2) and αt = (1 + tµ)d(xy) + t[d
(
P (x) + Q(y)
)
+ λydx]
for some µ, λ ∈ C and polynomials P (x) ∈ C[x], Q(y) ∈ C[y] of degree degP ≤
deg f2, degQ ≤ deg f1.
Remark 1.2. Some remarks about this theorem are:
(1) One may search for examples of the form ωt = d(fg) + tµd(fg) + thdg what, a priori,
seems to be possible. Nevertheless, we have dωt = tdh ∧ dg and then ωt ∧ dωt =
(1+µt)d(fg)∧dh∧dg. Therefore ωt∧dωt = 0⇔ d(fg)∧dh∧dg = 0⇔ gdf ∧dh∧dg =
0 ⇔ dh ∧ df ∧ dg = 0. This last condition implies, in the case (f, g) satisfies the
factorization property that h = H(f, g) for some two variables polynomial H(x, y).
(2) A natural idea is to construct deformations of logarithmic type i.e, ωt/f is logarithmic
of the form ωt/f =
2∑
j=1
µj(t)dfj/fj for some holomorphic functions µj(t) with µj(0) =
1. Since we are considering degree one deformations we must have µj(t) = 1+ µjt for
some µj ∈ C. These cases are contained in case (b) in the statement. Indeed, let us
consider deformations of the form ωt = xy[(1+µ1t)
dx
x
+(1+µ2t)
dy
y
]. This deformation
can be rewritten as ωt = (1+tµ1)d(xy)+t(µ2−µ1)xdy as in case (b) in the statement.
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(3) The above result cannot be proved without the restriction on the degree of the 1-
forms ωt. This is clear from the already introduced family of examples Ω = d(xyz) +
t(xyz)2(adx/x+ bdy/y + cdz/z), a, b, c ∈ C.
(4) The above result does not hold if we allow f to be non-reduced. For seeing this consider
the example ωt = d(x
2y)+txydy = 2xydx+(x2−txy)dy. Put ht = ωt ·R = 3x2y−txy2.
Then d(ωt/ht) = 0 where Ωt := ωt/ht =
1
3dy/y +
2
3d(3x − ty)/((3x − ty).
2. Equations of a deformation
Let ωt be a deformation of ω0 a germ of holomorphic 1-form at the origin 0 ∈ Cn,
i.e., ωt is a one-parameter analytic family of germs at the origin 0 ∈ Cn of holomorphic
1-forms parametrized by t ∈ D ⊂ C. We shall assume that ωt is integrable for each t, i.e.,
ωt ∧ dωt = 0, ∀t ∈ D. We also write
ωt = ω0 +
∞∑
j=1
tjωj .
The integrability condition ωt ∧ dωt = 0 gives:
ω0 ∧ dω0 = 0
ω0 ∧ dω1 + ω1 ∧ dω0 = 0
ω2 ∧ dω0 + ω1 ∧ dω1 + ω0 ∧ dω2 = 0
...
We shall consider the case where ω0 admits a first integral, more precisely ω0 = df for
some holomorphic function f . In this case
df ∧ dω1 = 0
and
ω1 ∧ dω1 + df ∧ dω2 = 0
df ∧ dω3 + ω1 ∧ dω2 + ω2 ∧ dω1 = 0, ...
These are called equations of the deformation in the case where ω0 = df . Notice that
df ∧ dω1 means that the 1-form ω1 is closed in the fibers of f ([Cerveau-Sca´rdua 2018]
Lemma 5.1).
Example 2.1. [degree one deformations] Suppose we have a degree-one deformation ωt =
ω0 + tω1 where each ωt is integrable. Since ω0 = df we have the following equations for
the deformation
df ∧ dω1 = 0, ω1 ∧ dω1 = 0
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3. Local topology and homology of the fibers
We consider f : Cn, 0→ C, 0 a germ of a holomorphic function at the origin 0 ∈ Cn, n ≥
3. The corresponding germ of the analytic hypersurface (f = 0) is also denoted by Xf .
The singular set of the hypersurface Xf will be denoted by sing(Xf ). Next we give a
pleonastic definition of our main hypothesis:
Definition 3.1. We shall say that Xf has only ordinary singularities off a codimension
≥ 3 subset if there exists an analytic subset (Y, 0) ⊂ (Xf , 0) of dimension at most n − 3,
such that outside of Y the only singularities of (Xf , 0) are normal crossings.
We will assume that f is reduced (if g ∈ On is such that g
∣∣
Xf
≡ 0 then f ∣∣g in On.). In
this case the singular set of Xf is given by sing(Xf ) = sing(f) = {p ∈ (Cn, 0) : df(p) = 0}.
Indeed, it is well-known ([Milnor 1968]) that the singular points of f , i.e., the zeroes
of df , are contained in the fiber f−1(0). We consider the germ of an integrable 1-form
ω ∈ Ω1(Cn, 0). Then ω = 0 defines a codimension-one holomorphic foliation F(ω) germ
at 0 ∈ Cn. The hypersurface Xf is F(ω)-invariant if, and only if, ω∧df/f is holomorphic.
This is the case of integrable 1-forms that write as
ω = adf + fη
with a ∈ On and η ∈ Ω1(Cn, 0). For η small enough (in the sense of Krull topology
[Kaup-Kaup 1983], [Gunning-Rossi 1965]) and a ∈ O∗n unit, we may see F(ω) as an in-
tegrable deformation of the holomorphic ”fibration” F(df), given by f = const.. If for
instance f has an isolated singularity at 0 ∈ Cn, n ≥ 3, then any ω that leaves Xf : (f = 0)
invariant must write as above, ω = adf + fη ([Cerveau-Sca´rdua 2018]). In particular, ω
may come from an analytic deformation of ω0 = df , under some geometrical conditions as
in [Cerveau-Sca´rdua 2018]. In general however a is not an unit. This somehow explains
the strength of the hypothesis ωt = df +
∞∑
j=1
tjωj, i.e., we have a deformation ωt of an
exact 1-form ω0 = df .
More precisely, we will consider the following situation: {ωt}t∈(C,0) is an analytic defor-
mation of ω0 = df such that each 1-form ωt ∈ Ω1(Cn, 0) is integrable, ωt ∧ dωt = 0.
Let (Xf , 0) ⊂ (Cn, 0) be a germ of reduced analytic hypersurface as above. If n =
3 and (Xf , 0) only has normal crossings singularities off the origin 0 ∈ C3, then the
local fundamental group of the complement of (Xf , 0) in (C
n, 0) is abelian. We have the
following general statement below:
Theorem 3.1 ( Leˆ-Saito, [Leˆ-Saito 1984] Main Theorem page 1). Let n ≥ 3. Assume
that outside of an analytic subset (Y, 0) ⊂ (Xf , 0) of dimension at most n − 3, the only
singularities of (Xf , 0) are normal crossings. Then the local fundamental group of the
complement of (Xf , 0) in (C
n, 0) is abelian. The Milnor fiber of f has a fundamental
group which is free abelian of rank the number of analytic components of Xf at 0, minus
one. Finally, if Xf is irreducible, then the fiber f
−1(c), c 6= 0 is simply-connected.
Write now f = f1 . . . fr+1 in terms of germs fj ∈ On such that each irreducible com-
ponent of Xf corresponds to one and only one of the sets (fj = 0). We shall consider
logarithmic 1-forms θν =
r+1∑
j=1
λνj dfj/fj , ν = 1, ..., r ≥ 1 with the following property:
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(P-1) {θ1, . . . , θr} is completely independent with respect to df/f =
r+1∑
j=1
dfj/fj in the
following sense:
if
r∑
ν=1
aνθν + bdf/f = 0 for some constants aν , b ∈ C then aν = b = 0.
This is the case if we have:
det


1 . . . 1
λ11 . . . λ
1
r+1
... . . .
...
λr1 . . . λ
1
r+1

 6= 0
Lemma 3.1. For each c ∈ C \ {0} the 1-homology of the local fiber Lc : (f = c) ⊂ (Cn, 0)
is generated by the restrictions θj
∣∣
Lc
, j = 1, ..., r.
Proof. For simplicity we suppose r = 1 and write θ := θ1 = λ1df1/f1+λ2df2/f2. We have
λ1 6= λ2. Given a fiber Lc : (f = c), c 6= 0 we have f1f2 = c on Lc. Thus df1f1
∣∣
Lc
= −df2
f2
∣∣
Lc
and therefore θ
∣∣
Lc
= (λ1− λ2)df1f1
∣∣
Lc
. Since f = f1f2 = 0 is normal crossings outside of an
analytic subset of codimension ≥ 3, at a generic point p ∈ (f1 = f2 = 0), f1 and f2 are
part of a local system of coordinates (x1, ...xn) say f1 = x1, f2 = x2. So you can consider
a cycle γc ⊂ (f = c) of the following type γc(s) = (ǫeis, ǫe−is, 0, ..., 0), ǫ2 = c, i2 = −1.
We claim that this is a non-trivial cycle in the homology of Lc. Indeed,∫
γc
θ
∣∣
Lc
=
∫
(λ1 − λ2)df1/f1
∣∣
Lc
= (λ1 − λ2)2π
√−1 k(γc)
where k(γc) 6= 0 is the index of γc ⊂ Σ around the origin p1 ∈ Σ. Thus
∫
γc
θc 6= 0.
Now, by Leˆ-Saito’s theorem we have that π1(Lc) ∼= Z. In particular H1(Lc,Z) ∼= π1(Lc)
so that H1(Lc,Z) ∼= Z is free abelian of rank one. Since θ is closed its restrictions to the
fibers Lc are also closed and holomorphic. Therefore, θ
∣∣
Lc
generates the group H1(Lc,C)
for each c 6= 0. The same argumentation works for the case r > 1. 
Remark 3.1. For most applications we shall take θj =
dfj
fj
, j = 1, ..., r.
The above lemma then shows that the homology of the fibers Lc, c 6= 0 is generated by
restrictions of a same system of forms to these fibers.
Proposition 3.1. Let ω1 be a germ of a holomorphic 1-form at 0 ∈ Cn, n ≥ 3 and
assume that dω1 ∧ df = 0 where f = f1 . . . fr+1 is as in Lemma 3.1 above. Then there are
a1, h1 ∈ On, ψj ∈ O1, ψj(0) = 1 and λj ∈ C, j = 1, ..., r such that
ω1 = a1df + dh1 +
r∑
j=1
λjfψj(f)θj
Proof. We first consider the case r = 1, i.e., f = f1f2. Given a generic point p1 ∈ (f =
0) \ {0} we may parametrize a transverse disc Σ to df , centered at p1, by c = f
∣∣
Σ
. We
define now a function h1 : W \ {p1} → C in some neighborhood W ⊂ Σ of p1 as follows:
let α(c) ∈ C be defined for each c 6= 0 by [ω1
∣∣
Lc
] = α(c)[θ1
∣∣
Lc
] in H1(Lc,C). Then we can
define a function h1 in a neighborhood of the origin minus the hypersurface Xf : (f = 0)
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say, h1 : U \ Xf → C by setting h1(c) = c,∀c ∈ Σ \ {0} and, given z ∈ Lc we put
h1(z) =
z∫
c
ω1
∣∣
Lc
− α(c)θ1
∣∣
Lc
=
∫
γ(c,z)
ω1 − α(c)θ1 where γ(c,z) ⊂ Lc is any smooth path
joining γ(c,z)(0) = c to γ(c,z)(1) = z in Lc. Then we have dh1
∣∣
Lc
= (ω1 − α(c)θ1)
∣∣
Lc
and
therefore
dh1 ∧ df = (ω1 − α1(f)θ1) ∧ df
in U \ Xf . This implies ω1 − α1(f)θ1 = a1df + dh1 for some function a1 : U \ Xf → C
which is holomorphic. From ω1 = a1df + dh1 + α1(f)θ1 we have that
α1(c) =
∫
γc
ω1
∣∣
Lc∫
γc
θ1
∣∣
Lc
=
const.
2π
√−1
∫
γc
ω1
∣∣
Lc
,∀c 6= 0,
where γc ⊂ Lc is a generator of the homology of the fibers Lc : (f = c), c 6= 0. Since ω1
is holomorphic in U this implies that α1(c) is holomorphic and bounded for c 6= 0. By
Riemann’s extension theorem, α1(c) admits a holomorphic extension to c = 0. Now from
(−α1(f)θ1 + ω1) ∧ df = dh1 ∧ df
we have that h1 admits a holomorphic extension to (f = 0) as in [Cerveau-Sca´rdua 2018]
(final part of the proof of Proposition 5.2). Finally, this implies that a1 admits a holo-
morphic extension to Xf . Since θ1 has poles of order 1 on Xf and ω1, a1df and dh1
are holomorphic, we conclude that f
∣∣α1(f), i.e., α1(f) = fψ1(f) for some holomorphic
function ψ1(t) ∈ O1.
Again, for the case r > 1 there are no major changes. Indeed, using the homology
description of the fibers (f = c), c 6= 0 we let αj(c) ∈ C, j = 1, ..., r be defined for
each c 6= 0 by [ω1
∣∣
Lc
] =
r∑
j=1
αj(c)[θj
∣∣
Lc
] in H1(Lc,C). Then, as before, we define a
function h1 : U \ Xf → C by setting h1(c) = c,∀c ∈ Σ \ {0} and, given z ∈ Lc we put
h1(z) =
z∫
c
ω1
∣∣
Lc
−
r∑
j=1
αj(c)θj
∣∣
Lc
=
∫
γ(c,z)
ω1 −
∑
j=1
αj(c)θj where γ(c,z) ⊂ Lc is any smooth
path joining γ(c,z)(0) = c to γ(c,z)(1) = z in Lc. Then we have dh1
∣∣
Lc
= (ω1−
r∑
j=1
αj(c)θj)
∣∣
Lc
and therefore
dh1 ∧ df = (ω1 −
r∑
j=1
αj(f)θj) ∧ df
in U \Xf . As before for the case r = 1 this implies ω1−
r∑
j=1
αj(f)θj = a1df +dh1 for some
function a1 : U \Xf → C which is holomorphic.
Let now γic ⊂ Lc, i = 1, ..., r be a system of generators of the homology of the fibers
Lc : (f = c), c 6= 0, with the property that
∮
γic
θj = δij for the Kronecker delta δij .
From ω1 = a1df + dh1 +
r∑
j=1
αj(f)θj we have that
αj(c) =
∫
γ
j
c
ω1
∣∣
Lc∫
γ
j
c
θj
∣∣
Lc
=
const.
2π
√−1
∫
γ
j
c
ω1
∣∣
Lc
,∀c 6= 0,
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where γjc ⊂ Lc is one of the above system of generators of the homology of the fibers
Lc(f = c), c 6= 0. Since ω1 is holomorphic in U this implies that αj(c) is holomorphic
and bounded for c 6= 0. By Riemann’s extension theorem, αj(c) admits a holomorphic
extension to c = 0. Now from
(−
r∑
j=1
αj(f)θj + ω1) ∧ df = dh1 ∧ df
we have that h1 admits a holomorphic extension to (f = 0) as in [Cerveau-Sca´rdua 2018]
(final part of the proof of Proposition 5.2). Finally, this implies that a1 admits a holo-
morphic extension to Xf . Since θj has polar set of order 1 and contained in Xf and
ω1, a1df and dh1 are holomorphic, we conclude that f
∣∣αj(f), i.e., αj(f) = fψj(f) for
some holomorphic function ψj(t) ∈ O1. This proves Proposition 3.1.

4. Relative Cohomology: polynomial case
We shall consider the polynomial case for the cohomological equation dω1 ∧ df = 0
where f = f1 . . . fr+1 is as in Theorem A.
Proposition 4.1. Given f = f1...fr+1 a product of relatively prime irreducible homo-
geneous polynomials fj ∈ C[x1, ..., xn] of degree deg(f) = ν + 1. Assume also that the
induced germ f ∈ On has only normal crossings singularities off a codimension ≥ 3 sub-
set. Let θ1, ..., θr be a set of generators of the 1-homology of the fibers Lc : (f = c) as
in Lemma 3.1 (see also the proof of Proposition 3.1). Given ω1 a polynomial 1-form of
degree deg(ω1) ≤ ν, satisfying dω1 ∧ df = 0. Then we have
ω1 = a0df + dh+ f
r∑
j=1
λjθj
for some constants a0, λj ∈ C and some polynomial h of degree ≤ ν + 1. The polynomial
h is homogeneous of degree ν + 1 if and only if ω1 is homogeneous of degree ν.
Proof. We first write, according to Proposition 3.1, ω1 = adf + dh +
r∑
k=1
λkfψk(f)θk for
some holomorphic functions a, h ∈ On, ψk ∈ O1 with ψk(0) = 1 and constants λk ∈ C.
Now we consider expansions of a, h and ψk in sums of homogeneous polynomials. Since
df and fθk are homogeneous of same degree ν and since ω1 has degree ≤ ν, the result
follows immediately.

Now we make a couple of simple remarks:
(1) Let h ∈ C[x1, ..., xn]ν+1 and f = f1 . . . fr+1 ∈ C[x1, ..., xn]ν+1 where fi, fj are
pairwise relatively prime, irreducible and reduced. Then we have f
∣∣dh∧ df ⇔ h =
λf for some λ ∈ C.
Proof. For the nontrivial part we consider the foliation Fh given by the hypersur-
faces h = const. The leaves are the connected components of {h = c} \ {0} near
the origin 0 ∈ Cn. The fact that f divides dh∧ df means that (f = 0) is invariant
by Fh and therefore, since 0 ∈ (f = 0) ∩ (h = 0) we conclude that (f = 0) is
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contained in the level (h = 0) of h. This implies that h = pf for some polynomial
p homogeneous. Because of the degrees we have p = const.

(2) If (f = 0) is invariant by ωt =
∞∑
j=0
tjωj for all t then f
∣∣ωj ∧ df for all j.
Proof. Since (f = 0) is invariant by ωt for all t we have that f divides ωt ∧ df for
all t. Since ωt ∧ df =
∞∑
j=0
tjωj ∧ df in power series in t we conclude.

5. Integration lemma: proof of Theorems A and B
This section is dedicated to the proof of Theorems A and B.
Proof of Theorem A. We shall then consider deformations ωt = df +
∞∑
j=1
tjωj where f =
f1...fr+1 is a product of homogeneous polynomials fj and has normal crossings off a
codimension ≥ 3 subset. We assume that each ωt is integrable and polynomial of degree
deg(ωt) ≤ deg(df) = ν. The forms ωt though polynomial are not necessarily homogeneous.
We shall first prove (c) =⇒ (b) in Theorem A.
The first deformation equation dω1 ∧ df = 0 gives by Proposition 4.1
ω1 = adf + dh+ f
r∑
j=1
λjθj
for some constants a, λj ∈ C and some polynomial h of degree ≤ ν + 1. To simplify we
proceed with the assumption that r = 1. In this simplified notation we have f = f1f2
and we may write ω1 = a1df + dh1 + fλ1θ for some a1, λ1 ∈ C and some polynomial
h1 ∈ C[x1, ..., xn] of degree deg(h1) ≤ deg(f). Hence we can write ωt = df+ t(a1df+dh1+
λ1fθ)+ t
2ω2+ . . .. Assuming now that
∫
γc
ωt = 0,∀t we conclude that λ1 = 0 and
∫
γc
ωj =
0,∀j ≥ 2. Since ω1 is closed the second deformation equation writes dω2 ∧ df = 0. Also
we have ωt = (1+ ta1)df + tdh1+ t
2ω2+ . . .. From dω2∧df = 0, again via Proposition 4.1,
we obtain ω2 = a2df + dh2 + λ2fθ for some constants a2, λ2 ∈ C and h2 ∈ C[x1, ..., xn]
polynomial of degree ≤ ν + 1. Then since ∫
γc
ω2 = 0 we have λ2 = 0 and so on. As above
for the homogeneous case we obtain a formal function
Fˆ = f + (
∞∑
j=1
tjaj)f +
∞∑
j=1
tjhj
such that ωt = dxFˆ ; where each hj is a polynomial of degree ≤ ν + 1. We can therefore
write Fˆ = (1 + Aˆ(t))f + Hˆ with Hˆ ∈ C[x1, ..., xn]ν+1
⊗ Oˆ1 and since ωt = dxFˆ converges
we conclude that Fˆ (x, t) converges, i.e., Fˆ ∈ On+1, indeed, Fˆ ∈ C[x1, ..., xn]ν+1
⊗O1.
This shows that ωt is exact, admits a polynomial first integral of degree ≤ ν+1. The case
r > 1 is similar to this. Now we observe that (b) =⇒ (a). Also, (c)⇔(d) obviously. It is
also clear that (a) =⇒ (c). Theorem A is now proved. 
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The next example shows the necessity of the integral condition in Theorem A. Indeed
we have:
Example 5.1. Let us consider ωt = d(xy) + t(xdy − λydx) where λ ∈ C. Then ωt is
integrable and ω0 = d(xy). Put f = xy then for c 6= 0 we have the fiber Lc : (f = c) ⊂ C2
given by xy = c and admitting a 1-homology generator γc(s) = (xe
is, ce−is), 0 ≤ s ≤ 2π.
Then we have
∫
γc
ωt/f = t
∫
γc
(xdy − λydx)
xy
∣∣
xy=c
= t
2π∫
0
(
dy
y
− λdx
x
)
∣∣
γc
= t
1∫
0
2π(−i− λi)ds = −i(1 + λ)2π.
Then
∫
γc
ωt/f = 0 ⇔ λ = −1 ⇔ ωt = (1 + t)d(xy). Notice that if λ 6= −1 then ωt does
not admit a holomorphic first integral. On the other hand, ωt is homogeneous of a same
degree for all t.
Proof of Corollary 1.1. This is a direct consequence of Theorem A once the irreducibility
of P implies (by Leˆ-Saito’s theorem) that the non-singular fibers (P = c), c 6= 0 are simply-
connected. On the other hand, since P is homogeneous, the existence of local solutions
for the cohomology equation dω1 ∧ dP = 0 of the form ω1 = a1dP + dh1 with a1, h ∈ On
implies, as in the above given proof of Theorem A, for ω1 polynomial 1-form of degree
≤ ν, the existence of solutions with a1 = const and h1 ∈ C[x1, ..., xn] of degree ≤ ν + 1.
We then proceed as in the proof of Theorem A.

Proof of Theorem B. We write Ω = dP +
∞∑
j=ν+1
Ωj where Ωj is a homogeneous 1-form of
degree j ≥ ν + 1. Then, we consider the maps σt : Cn → Cn given by σt(z) = tz, t ∈
C, z ∈ Cn. We then put ωt := 1tν+1σ∗t (Ω). Because Ω ∧ dΩ = 0 we also have ωt ∧ dωt = 0
for each t ∈ C. Notice that for each t 6= 0 we have σt an automorphism of Cn and also
σ∗t (Ω) = t
ν+1dP +
∞∑
j=ν+1
σ∗t (Ωj) = t
ν+1[dP + t
∞∑
j=ν+1
tj+1−(ν+2)Ωj].
Claim 5.1. The family of 1-forms ωt defines an analytic deformation of ω0 = dPν+1 by
integrable 1-forms, such that ωt=1 = Ω. If Ω is polynomial of degree µ then the same holds
for each ωt.
Thanks to the main result in [Cerveau-Sca´rdua 2018] we conclude that ωt has a holo-
morphic first integral for t ≈ 0 in a neighborhood of the origin 0 ∈ Cn. Indeed, there is a
holomorphic function F (z, t) defined in a neighborhood of (0, 0) ∈ Cn ×C such that:
(I) dzF (z, t) ∧ ωt = 0
(II) F (z, 0) = P (z).
Now we observe that σt ∈ Aut(Cn, 0),∀t 6= 0. Therefore we conclude the existence of
F (z, t) for all t ∈ C and in particular for t = 1. Since σ1(z) = z we get a holomorphic first
integral for ωt=1 = Ω in a neighborhood of the origin. 
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6. Degree one deformations: proof of Theorem C
We now turn our attention to the affine deformation case ωt = df+ tω1 when ω1 is poly-
nomial of degree ≤ deg(f) where f is homogeneous as in Theorem A. Given f = f1...fr+1
a product of relatively prime irreducible homogeneous polynomials fj ∈ C[x1, ..., xn] of
degree deg(f) = ν + 1. Assume also that the induced germ f ∈ On has only normal
crossings singularities off a codimension ≥ 3 subset. Let θ1, ..., θr be a set of generators
of the 1-homology of the fibers Lc : (f = c) as in Lemma 3.1 (see also the proof of
Proposition 3.1).
For the case where r ≥ 2 we may choose the coefficients of θj , j = 1, ..., r, in such a way
that if we have a holomorphic function h ∈ On such that dh ∧ θj = 0 for some j then h
is constant. Nevertheless, this does not matter in the following proof where we consider
r = 1.
Proof of Theorem C. We shall now prove Theorem C. We start with the more general
framework, ie., with f = f1 . . . fr+1 because we want to make some considerations about
this case also.
Recall that the 1-forms ωt are not necessarily homogeneous. From the first deformation
equation dω1 ∧ df = 0 where f = f1 . . . fr+1 we get via Proposition 4.1
ω1 = a1df + dh+
r∑
j=1
λjfθj
for some constants a0, λj ∈ C and some polynomial h of degree deg(h) ≤ ν + 1. Since we
may take θj =
dfj
fj
we obtain
ω1 = a1df + dh+
r∑
j=1
λjf
dfj
fj
Let us now focus on the case r = 1, i.e., f = f1f2. Write ω1 = a1df + dh + λfθ
with a1, λ ∈ C, deg(h) ≤ ν + 1 and θ = θ1 = df1/f1. The second deformation equation
ω1 ∧ dω1 = 0 gives
(a1df + dh+ λfθ) ∧ (λdf ∧ θ) = 0.
From this last equation we obtain the equivalent equation
λdh ∧ df ∧ θ = 0.
Let us investigate the solutions to this last equation.
• If λ = 0 then ω1 = a1df + dh and ωt = df + td(a1f + h) = df + tdh˜ = d(f + th˜) as in
(a) in Theorem C.
• Assume now that λ 6= 0. In this case we have
d(hθ) ∧ df = dh ∧ df ∧ θ = 0.
Notice that
ωt = df + t(a1df + dh+ λfθ) = (1 + a1t)df + tdh+ tλfθ
From d(hθ) ∧ df = 0 we have dh ∧ df1
f1
∧ df2
f2
= 0. Therefore
dh ∧ df1 ∧ df2 = 0.
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Since (f1, f2) satisfies the factorization property, dh ∧ df1 ∧ df2 = 0 implies that h =
h1(f1, f2) for some polynomial h1 ∈ C[x, y] in two variables with h1(0, 0) = 0. Let νj =
deg(fj), j = 1, 2. Then f = f1f2 has degree ν + 1 = ν1 + ν2 . Since deg(h) ≤ ν + 1 we
must have h1(x, y) =
ν2∑
i=1
aix
i +
ν1∑
j=1
bjy
j + cxy for some constants ai, bj , c ∈ C. Let now
σ : Cn → C2 given by σ(z) = (f1(z), f2(z)). Then we can write ωt = σ∗(αt) where αt is
the one-parameter family of two variables 1-forms given by
αt = d(xy)+t(a1d(xy)+dh1(x, y)+λydx) = (1+tµ)d(xy)+td(
ν2∑
i=1
aix
i+
ν1∑
j=1
bjy
j)+tλydx
= (1 + tµ)d(xy) + td(P (x) +Q(y)) + tλydx
for some λ, µ ∈ C and polynomials P (x) ∈ C[x], Q(y) ∈ C[y] of degree degP ≤ ν2, degQ ≤
ν1.

Remark 6.1. If we consider degree one deformations as in Theorem C but with f of the
form f = f1f2f3...fr+1 with r ≥ 2 then we have to study the solutions of the equation
dh ∧ df ∧
r∑
j=1
λj
dfj
fj
= 0
as it comes from the proof of Theorem C.
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